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The following well-known theorems [4] p rovide sufficient conditions for 
the integrability of certain cosine series. 
THEOREM A. Let ak J 0. If  C,“=, a,/k < 00 then 
f(x) = f  ak cos kx 6L1[0, ~1. 
I;=1 
THEOREM B. If CT=‘=, (k + 1) 1 A2a, 1 < co then 
f(x) = f  a, cos kx EL~[O, 7~1. 
k=l 
Attempts have been made to find necessary and sufficient conditions for the 
integrability off. For instance, Hardy and Littlewood [2] proved that for 
cosine series with decreasing coefficients, the convergence of the series 
Cz=‘=, aknkg-2 is necessary and sufficient forf e LP[O, ~1, p > 1. This result, as 
well as that of Askey and Wainger [I], provided necessary and sufficient 
conditions, but did so for spaces different from L1[O, n]. 
In this paper we show that C,“=, a,/k < 00 is a necessary and sufficient 
condition for L’[O, ~1 integrability, but for a different type of cosine sum. 
LEMMA 1. Let b, = a,/k J 0. Then 
exists for x E (0, QT] if and only ifCz=‘=, b, < 03. 
579 
Copyright 0 1973 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
580 REES AND STANOJEVIC 
Proof. Let 
Now applying summation by parts twice gives 
n-1 
s,(x) = c bk(Dk(X) - 6) + b&&(x) - t> 
k=l 
n-2 
= zl @k - bk+l) @ + ‘) (Fk(x) - ii) 
+ b,-,npn-l(X) - $1 + w&(x) - 4) 
n-2 n-2 
= ,& (b, - bk,,) (A + ljFk@) - : :I ck + ‘1 @k - bk+l) 
+ b,-,nFn-l(X) - L,n/2 + wM-4 - 9. 
Finally, 
n-2 n-2 
&(X) = 1 (b, - b,+l) (k + l)Fk(x) - 8 c bk - b,/2 - bVZ-,/2 
k=l k=l 
+ b,-,nFn-l(X) + w&(x) - t>* 
(*) 
(Fk and D, being FejCr’s and Dirichlet’s kernels respectively.) 
Since F,(x) = 0( l/J&) for x # 0, we have 
n-2 
o < 1 @k - bk+,) @ + l)Fk(x) < ; tb, - b,-l), 
k=l 
so lim,,, CIil (K + 1) (b, - bk+l)Fk(x) always exists for x # 0 and b, 4 0. 
Each of the last three terms of (*) tend to zero as n + 00, therefore 
lim cl+m c(x) exists if and only if Cz=, b, < co. 
THEOREM 1. Let b, = a,/k 4 0. Then 
(1) g(x) = ,$+t il [4/z i- (gk bj) cos As] existsfor x E (0, ~1 
(2) g E L’[O, TT] ;f  and only ;f  C;=‘=, b, < co. 
PYOO~. From (*) of Lemma 1, we have that 
k’(X) = 2 (k + 1) (6, - bk+,)Fk(x) - b /2, x#O 
k=l 
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which is a convergent series with nonnegative terms. Integrating term-by- 
term and using summation by parts we get 
dx = + gl (k + 1) (b, - b,,,) - b17@ = 5 $ b, 
h=l 
and the conclusion follows. 
Theorem 1 may be rephrased so as to give integrability conditions for 
+ f bj sin (j + +) x. 
j=l 
The importance of this result is that while conditions for the integrability of 
with ui/j 4 0 are known [2], integrability theorems for our series seem not 
to have been studied. 
THEORRM 2. Let b, = q/j 4 0. Then 
(1) + F1 bj sin (j + t) x = h(x)/x converges for x # 0 
(2) h(x)/x EL~[O, r] if and only if& bj < 00. 
Proof. We may sum in either order to obtain 
sn(x) = i f  bj 
i 
cos kx = i C b, cos kx 
k=l j=k j=l k=l 
where s,(x) is as in Lemma 1. Hence 
S,(X) + i bj/2 = i biDi( 
61 j-1 
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= f biDi = f bj Si;;n;;)x 
j=l i=l 
44 
= 2 sin(x/2) ’ 
According to Theorem 1, g(x) exists for x # 0, and further 
if and only if EL1 bj < co, which implies our result. 
The following lemma and theorem are related to Theorem B. 
LEMMA 2. Let (k + I) / A2a, 1 JO. Then 
exists for x E (0, n-1 if and only if 
-f (k + 1) I A2u, I < 03 
k=l 
(i.e., {aj} is quasi-convex). 
Proof. Denote 
After applying summation by parts twice we get 
n-2 
L(x) = c (k + 1) [(k + 1) 1 A2% 1 - (k + 2) 1 A2%+, 11 (FTC(X) - 8 
k=l 
+ n2 1 A2a,-l I (F,-l(x) - +) + (n + 1) (A2a, I (k(x) - b) 
n-2 
= c (k + 1) [@ + 1) 1 A2% 1 - @ + 2) 1 A2ak+l 11 Fk(x) 
k=l 
w-2 
- B -g- (k + 1) [(h + 1) I A2a, I - @ + 2) I A2ak+l II 
k=l 
+ n2 I A2a,-l 1 [Fnwl(x) - 41 + (n + 1) I A2an I [Dn(x) - 91. 
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However 
-4 c (k + I) [(k + 1) I A2Uk I - (A + 2) I A2Uk,l II 
k=l 
= -4 1 (h + 1) 1 d2a, 1 - 1 d2a, 1 + 4 n2 ) Au,-1 1 , 
k=l 
SO 
n-2 
t&) = c (k + 1) [(k + 1) ( d2ak 1 - (K + 2, 1 d2uk+l IIFk(d 
k=l 
n-1 
- t 1 (k + 1) I A24 I - I d2% I 
k=l 
(**I 
Since the last two terms tend to zero when n -+ co for x # 0, and the first 
series converges because 
(h + 1) 1 A2% 1 4 0 and F,(x) = 0 (&) if X # 0, 
we have the conclusion: lim n~m t,(x) exists for x # 0 if and only if 
il (h + 1) 1 A24 1 < 00. 
THEOREM 3. iet (k + 1) 1 A2uk 1 4 0. Then 
exists for x E (0, T] 
(2) h EU[O, n] if and ody if 
Proof. It follows from (**) that 
h(x) = 5 (h + 1) [(h + 1) 1 A2u, 1 - (h + 2) 1 A2%+, I] Fk(x) - 1 A2a, I . 
k=l 
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The first expression of the right-hand side is a convergent series of 
nonnegative terms. Integration term-by-term yields 
I n h(x) dx = 5 2 (k + 1) [(k + 1) I d2a, 1 - (k + 2) 1 A2uk+, I] - w 1 A2u, I. 0 k=l 
But 
f (k + 1) [(k + 1) 1 d2ak I - (k + 2) I d2ak+, 11 
k=l 
and finally 
= il (k + 1) 1 d2ak I + I d2a, 1 , 
I n h(x) dx = + f (k + 1) I d”a, 1 - + 1 A%, 1 , 0 k=l 
This completes the proof. 
We may obtain Theorem 4 from Theorem 3 in the same manner that 
Theorem 2 was obtained from Theorem 1. 
THEOREM 4. Let (j + 1) I A2aj 1 j 0. Then 
(1) i f (j + 1) 1 A2aj 1 sin (j + +) x = h(x)/x 
p=l 
conwerges for x E (0, T]. 
(2) h(x)/x E Ll[O, n] q mad only if 
il (i + 1) I A2aj l < a,. 
In [3] the following theorem is proved. 
THEOREM C!. Let uk = CY&?~ = o(l), where (a3 is of bounded etariution 
and {pk} is quasi-conwex with pk = O(1). If 
then 
4(x) = f uk cos kx EL~[O, n]. 
k=l 
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In connection with this theorem we have the following results which are 
analogous to Lemmas 1 and 2 and Theorems 1 and 3. 
LEMMA 3. Let ( /3,dcqc j log(k -t 1) J 0. Then 
I Pi4 I log(“i + 1) I cos kx 
exists for x # 0 if and only ;f  
go 1 i?kbc 1 log@ + 1) ( a- 
THEOREM 5. Let / &Jcx~ / log(k + 1) 4 0. Then 
(2) F EL~[O, n-1 ;f and onZy if 
io I B&, I lo& + 1) < ~0. 
THEOREM 6. Let 1 /3kd~, 1 log(k + 1) 4 0. Then 
(1) + gl l&h I log(j + 1) sin (i + +) x = W/x 
converges for x E (0, T] 
(2) h(x)/x E L1[O, v] if and only if 
g1 1 kwi I lo&G + 1) < co. 
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